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Theorem 2. For the SCSO W (5), the following assertions true:

i) If a ∈ [−1, 0), then

lim
n→∞

W n(x(0)) =

 e2, if x(0) ∈ Γ{2,3} \ {e3},

e1, if x(0) ∈ S2 \ Γ{2,3}.

ii) If a ∈ (0, 1], then

lim
n→∞

W n(x(0)) =

 e2, if x(0) ∈ Γ{1,2} \ {e1},

e3, if x(0) ∈ S2 \ Γ{1,2}.
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Let Sm−1 = {x = (x1, x2, . . . , xm) ∈ Rm : for any i, xi ≥ 0, and
∑m

i=1 xi = 1} be the
(m− 1)-dimensional simplex. A map V of Sm−1 into itself is called a quadratic stochastic
operator (QSO) if

(V x)k =
m∑

i,j=1

pij,kxixj (1)

for any x ∈ Sm−1 and for all k = 1, . . . ,m, where

pij,k ≥ 0, pij,k = pji,k for all i, j, k;
m∑
k=1

pij,k = 1. (2)

A quadratic stochastic operator is called a Volterra operator if pij,k = 0, for any
k /∈ {i, j}, i, j, k = 1, . . . ,m. Assume {x(n) ∈ Sm−1 : n = 0, 1, 2, . . . } is the trajectory
(orbit) of the initial point x ∈ Sm−1, where x(n+1) = V (x(n)) for all n = 0, 1, 2, . . . .
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The solutions of V (x) = x are called fixed points of the operator V and denote the
set of all fixed points by Fix(V ). For the definition of types of fixed points see [1].

We denote the interior of S3 be the set intS3 = {x ∈ S3 : x1x2x3x4 > 0},
Γα = {x ∈ S3 : xi = 0, i /∈ α ⊂ {1, 2, 3, 4}} be the faces of S3 and interior
of Γα be the set intΓα = {x ∈ S3 :

∏
i∈α

xi > 0}. Let m1 =
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Let us consider a non-Volterra QSO defined on the three-dimensional simplex which
has the form

Vα,β :


x′1 = 2x1x4 + (1− β)x3x4,
x′2 = (1 + α)x2x4,
x′3 = (1− α)x2x4 + (1 + β)x3x4,
x′4 = x2

4 + (x1 + x2 + x3)2,

(3)

where α, β ∈ [−1, 1].
Theorem 1. For the operator Vα,β the following statements are true:

i)

Fix (Vα,β) =


{e4} ∪M13, if α = −1 and β = 1,

{e4} ∪M12, if α = 1 or β = −1,

{e4} ∪M123, if α = 1 or β = 1,

{e4, m1}, if − 1 ≤ α, β < 1;

ii) If α = −1, β = 1 then the fixed the point e4 is a saddle and the fixed points from
the setM13 is a non-hyperbolic points;

iii) If α = 1, β = −1 then the fixed the point e4 is a saddle and the fixed points from
the setM12 is a non-hyperbolic points;

iv) If α = β = 1 then the fixed the point e4 is a repelling and the fixed points from the
setM123 is a non-hyperbolic points;

v) If −1 ≤ α, β < 1 then the fixed the point m1 is a attracting and the vertex

e4 is a (an)


repelling, if α > 0 and β > 0,

non-hyperbolic, if α = 0 or β = 0,

saddle, if α < 0 or β < 0.

Theorem 2. For the operator Vα,β the following statements are true:

i) if x(0) ∈ S3 \ Fix(V ) then

lim
n→∞

x(n) =


(
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, if α = −1, β = 1;
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ii) if α = β = 1 then

ωVα,β
(
x(0)
)

=



{e4}, if x(0) ∈ Γ123 ∪ {e1, e2, e3, e4},
{m1}, if x(0) ∈ Γ14 \ {e1, e4},
{m2}, if x(0) ∈ Γ24 \ {e2, e4},
{m3}, if x(0) ∈ Γ34 \ {e3, e4},
{C1}, if x(0) ∈ intΓ234,

{C2}, if x(0) ∈ intΓ134,

{C3}, if x(0) ∈ intΓ124;

iii) if α = β = 1 and x(0) ∈ intS3 =
{
x ∈ S3 : x1x2x3x4 > 0

}
\M∞∈3 then
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iv) if α, β ∈ [−1, 1) and x(0) ∈ Γ123 ∪ {e1, e2, e3, e4} then Vα,β
(
x(0)
)

= {e4};

v) if α, β ∈ [−1, 1) and x(0) ∈ S3 \ Fix(V ) then ωVα,β
(
x(0)
)

= {m1}.
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Let

Sm−1 = {x = (x1, x2, . . . , xm) ∈ Rm : xi ≥ 0,
m∑
i=1

xi = 1}

be the (m − 1)-dimensional simplex. It is known that any x ∈ Sm−1 is a probability
distribution on the set E.

A map V of Sm−1 into itself is called a quadratic stochastic operator (QSO) if

(V x)k =
m∑

i,j=1

Pij,kxixj (1)
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