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Let

Sm−1 = {x = (x1, x2, . . . , xm) ∈ Rm : for any i, xi ≥ 0, and
m∑

i=1

xi = 1}

be the (m − 1)-dimensional simplex. A map V of Sm−1 into itself is called a quadratic
stochastic operator (QSO) if

(V x)k =
m∑

i,j=1

pij,kxixj (1)

for any x ∈ Sm−1 and for all k = 1, . . . ,m, where

pij,k ≥ 0, pij,k = pji,k for all i, j, k;
m∑

k=1

pij,k = 1. (2)

A quadratic stochastic operator is called a Volterra operator if

pij,k = 0, for any k /∈ {i, j}, i, j, k = 1, . . . ,m.

Assume {x(n) ∈ Sm−1 : n = 0, 1, 2, . . . } is the trajectory (orbit) of the initial point
x ∈ Sm−1, where x(n+1) = V (x(n)) for all n = 0, 1, 2, . . . , with x(0) = x.

The asymptotic behaviour of trajectories Volterra QSOs was analysed in [1].
De�nition 1. A point x ∈ Sm−1 is called a periodic point of V if there exists an n

so that V n(x) = x. The smallest positive integer n satisfying the above is called the prime
period or least period of the point x. A period-one point is called a �xed point of V .

Denote the set of all �xed points by Fix(V ) and the set of all periodic points of (not
necessarily prime) period n by Pern(V ). Evidently that the set of all iterates of a periodic
point form a periodic trajectory (orbit).

Let DxV (x∗) = (∂Vi/∂xj)(x
∗) be a Jacobian of V at the point x∗.

De�nition 2. A �xed point x∗ is called hyperbolic if its Jacobian DxV (x∗) has no
eigenvalues on the unit circle. A hyperbolic �xed point x∗ is called:

i) attracting if all the eigenvalues of the Jacobian DxV (x∗) are less than 1 in absolute
value;

ii) repelling if all the eigenvalues of the Jacobian DxV (x∗) are greater than 1 in absolute
value;
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iii) a saddle otherwise.

Let us consider a non-Volterra QSO de�ned on the two-dimensional simplex which has
the form

Vα :

 x′1 = x2
1 + (x2 + x3)

2 + (1− α)x1(x2 + x3)
x′2 = (1 + α)x1x3

x′3 = (1 + α)x1x2

(3)

where α ∈ [−1, 1].
It is worth mentioning that if α = 1 then the QSO (3) coincides with the quasi-strictly

non-Volterra QSO which is studied in [2]. The strictly non-Volterra QSOs was studied in
[3].

Denote M0 = {x ∈ S2 :∈ S2 : x2x3 = 0} and for any β > 0 we denote

Mβ =
{
x ∈ S2 : x2 = βx3 ∨ x2 =

1

β
x3

}
.

Proposition 1. For the operator Vα the following statements are true:

i) The set M0 and Mβ are invariant sets of the QSO Vα;

i) if −1 ≤ α ≤ 0 then Fix (Vα) = {e1} and e1 is an attracting point;

ii) if 0 < α ≤ 1 then Fix (Vα) = {e1,x
∗}, where

x∗ =
( 1

1 + α
,

α

2(1 + α)
,

α

2(1 + α)

)
.

The vertex e1 is repelling and x∗ non-hyperbolic.

Denote Sα =
{
x ∈ S2 : x1 = 1

1+α
, x2 + x3 = α

1+α

}
.

Proposition 2. Let 0 < α ≤ 1. For the operator Vα the following statements are true:

i) Per2 (Vα) = Sα;

ii) if n ≥ 3 then Pern (Vα) = ∅.

Theorem 3. For the operator Vα the following statements are true:

i) if x(0) ∈ {x ∈ S2 : x1 = 0} ∪ {e1} then ωVα

(
x(0)
)

= {e1} ;

ii) if α ∈ [−1, 0] then ωVα

(
x(0)
)

= {e1} for any x(0) ∈ S2;

iii) if α ∈ (0, 1] then ωVα

(
x(0)
)

= {x̃β, x̂β} for any x(0) ∈Mβ, β ≥ 0, where

x̃β =
( 1

1 + α
,

α

(1 + β)(1 + α)
,

αβ

(1 + β)(1 + α)

)
,

x̂β =
( 1

1 + α
,

αβ

(1 + β)(1 + α)
,

α

(1 + β)(1 + α)

)
.
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Algebras which generated by commutator of Zinbiel algebras
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Leibniz algebras were introduced in [6] in the 90-th years of the last century. They are
de�ned by the following identity:

[x, [y, z]] = [x, [y, z]] + [x, [z, y]] (1)

J.-L. Loday in [5: J.-L. Loday, Cup product for Leibniz cohomology and dual
Leibniz algebras.] studied categorical properties of Leibniz algebras and considered in
this connection a new object - Zinbiel algebra (read Leibniz in reverse order). Since the
category of Zinbiel algebras is Koszul dual to the category of Leibniz algebras, sometimes
they are also called dual Leibniz algebras [7: J.-L. Loday, A. Frabetti, F. Chapoton and
F. Goichot, Dialgebras and Related Operads.].

In works [3: A.S. Dzhumadillaev, Identities for multiplications derived by Leibniz and
Zinbiel multiplications. Abstracts of short communications of International conference
"Operator algebras and quantum theory of probability" (2005), Tashkent, 76-77.]-[4: A.S.
Dzhumadil'daev and K.M. Tulenbaev, Nilpotency of Zinbiel algebras. J. Dyn. Control.
Syst., vol. 11(2) (2005), 195-213.] some interesting properties of Zinbiel algebras were
obtained. In particular, the nilpotency of an arbitrary complex �nite dimensional Zinbiel
algebra was proved in [4: A.S. Dzhumadil'daev and K.M. Tulenbaev, Nilpotency of Zinbiel
algebras. J. Dyn. Control. Syst., vol. 11(2) (2005), 195-213.]. For the examples of Zinbiel
algebras we refer to works [4], [5] and [7].

De�nition: An algebra L over a �eld F is called a Zinbiel algebra if for any elements
∀x, y, z ∈ L the Leibniz identity holds:

((x ◦ y) ◦ z) = (x ◦ (y ◦ z))− (x ◦ (z ◦ y))

where ◦ the multiplication in L.
Let given next Zinbiel algebras.
Q(α) : 〈e1, e2〉 are basis elements α =0 or α =1 e1 · e1 =αe2
R(α, β, γ, δ): 〈e1, e2, e3〉 are basis elements
e1 · e1 = αe3 e1 · e2 = βe3 e2 · e1 = γe3 e2 · e2 = δe3
W (3): 〈e1, e2, e3〉 are basis elements e1 · e1 =e2 e1 · e2 = 1

2
e3 e2 · e1 =e3

(Omitted products are equal to zero)


