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The behavior of Trajectories of non-Volterra quadratic operators
corresponding to permutations

Jamilov U. U.!, Khudoyberdiev Kh. 0.2
12y . I. Romanovskiy Institute of Mathematics, Uzbekistan Academy of
Sciences, Tashkent, Uzbekistan; jamilovu@yandex.ru,
xudoyberdiyev.x@mail.ru

Let I,, = {1,...,m} be a finite set and the set of all probability distributions on FE,,

Sl — Ix = (x1,29,...,2m) €ER™: 2; >0, for any 7 and in: 1},

i=1

the (m — 1)-dimensional simplex.
A map V of S™ ! into itself is called a quadratic stochastic operator (QSO) if

Z Pij i, (1)

4,J€EEm

for any x € S™=1 and for all k € E,,, where
Pijk >0, pijx = psx forall i,j,k € B, and Zpij’k — 1. (2)
=1

A quadratic stochastic operator V' defined by (1), (2) is called a Volterra operator if
Pijk — 0, for any k §é {iﬂj}ﬁ i,j,k € En.

Assume {x™ € 8™ . p = O, 1,2,...} is the trajectory (orbit) of the initial point
X € Sm 1 where x("™) = V(x() for all n = 0,1,2,..., With XO) = x. We denote by
wy (x?) the set of w- limiting points of the tragectorv {V” (x@) 1™

The asymptotic behaviour of trajectories Volterra QSOs was analvsed in [1].
Definition 1. A point x € S™ ! is called a periodic point of V if there exists an n so
that V" (x) = x. The smallest positive integer n satisfying the above is called the prime
period or least period of the point x. A period-one point is called a fixed point of V.

Denote the set of all fixed points by Fix(V) and the set of all periodic points of (not
necessarily prime) period n by Per, (V). Evidently that the set of all iterates of a periodic
point form a periodic trajectory (orbit).

We let a face of the simplex S™7! be the set Ty = {x € S™1: 2, =0, k¢ 0 C E,,}; let
e; = (014,024, ..,0msi) € S™ ' i € E,, denote the vertices of the simplex S™ !, where
0;; is the Kronecker delta.

A permutation 7 of the set L), is a k—cycle if there exists a positive integer k and
an integer i € [, such that k is the smallest positive integer such that 7%(i) = i,
and 7 fixes each j € E,, \ {i,7(i 7*71(i)}. The k-cycle of 7 is usually denoted
(¢,7(@),..., 7 (4)). It is known that every permutation can be represented in the form of
a product of cycles without common elements (i.e. disjoint cycles) and this representation
is unique to within the order of the factors.
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Let 7 = 772+ - -7, be a permutation of I, where 7;, 1 = 1,..., ¢ are disjoint cycles.
Denote by supp(r) the support of the permutation , i.e., supp(n) = {j € E,: 7(j) # j}
and let |supp(r)| be its cardinality. For a cycle 7; we denote by ord(7;) the order of the
cycle and let supp(7;) = {j,7(j),..., 79 =1(j)} be a set of elements which are generate
the cycle. Clearly that supp(r) = supp(m)U---Usupp(r,), where supp(r;)Nsupp(rj) =
0, forany i+ j.

Consider a non-Volterra QSO defined on a finite-dimensional simplex which has the
form

2 m—1
- axi<k> = Yo i+ (1 + )Ty Tm, k€ By,
— 1 ;=1
V: it (3)

2. =2 4 (1—a) (”ilxi>2 (1= a)em (”i%) ,

i=1 i=1

where a € [0, 1], m > 3 and 7 is a permutation on the set F,,_;.
Denote

xam< a ce a ,1—a> and B:EUE, where
’ m—1

B = {X cS™ 1 xy = (aby, ..l 11— ), Q€ supp(w)} ,
B - {X €S x; = (b4 01 1 — @), 1€ By \supp(w)} )
Theorem 1. For the operator V (3) the following statements are true:
i) If @« =0 then Fix (V) = {en};
ii) If 0 < a <1 then
i)

B, if r=1Id,

Fix (V) = {en} U {Xam} U {E, if m # Id;

i1p) If # = Id then Per,, (V) = 0 for any n € N;
iic) Let m # Id and let 7; be a cycle of 7 with ¢; = ord(7;). Then we have

Per;, (V) = {X cB: X; = (@014, ..o, Q014 1 — ), 1 € supp(n)} )

Denote C' = U ['jmy and x¢ = (51,52, N S 1—a), where & = adjk, j, k € supp(r).
Theoremj 2. For the operator V the following statements are true:
i) if @ =0, then wy (x9) = {e,,} for any x(¥ € 5™,
i) if a € (0,1] then wy (x©) = {xan} for any x? € S\ (C'U {en});
iii) if v € (0,1], 7 = Id then wy (x) = {x*}, x* € B for any x € C \ Fix (V);

iv) if @ € (0,1], 7 # Id and j € En,_q \ supp(r) then wy (x@) = {x*}, x* € B for any
x ¢ O\ Fix (V);
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v) if @ € (0,1], 7 # Id and j € supp(r;) then wy (x(V) = {x¢,x¢,...,x¢ 7"} for any
x(© ¢ ¢\ Fix (V).
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On dynamics of a non-volterra quadratic stochastic operator
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Let £ = {1,...,m} be a finite set and the set of all probability distributions on E

ST fx = () € R 22 0.) 1 = 1)

i=1

be the (m — 1)-dimensional simplex. A map V of S™7! into itself is called a quadratic
stochastic operator (QSO) if

(VX)k = Z Pij7k$il’j (1)

4,5=1

for any x € S™ ! and for all k£ = 1,...,m where

Pijr 20, Piyr— Pk, Z Pijr=1. (2)
k=1

In [1] developed the theory of Volterra QSOs. A Volterra QSO is defined by (1), (2)
and with the additional assumption

Pij,k:O if k¢{27]}7 Z)jakEE (3)

The trajectory {x™} _ of an operator V for a point x € S™~! is defined by x"™) =
Vi(x™) for all n = 0,1,2, ...

Denote by wy <X<O)> the set of limit points of the trajectory {x<”>}n>0.

Definition 1. A point x € S™ ! is called a periodic point of V if there exists an
n so that V"(x) = x. The smallest positive integer n satisfying the above is called the

prime period or least period of the point z. A period-one point is called a fized point of
V, denote the set of all fixed points by Fix (V).
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