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***

The asymptotical behavior of trajectories of a non-Volterra quadratic operator

Khudoyberdiev Kh. O.
V.I. Romanovskiy Institute of Mathematics,Uzbekistan Academy of Sciences, 9, University Str., 100174,

Tashkent, Uzbekistan;
xudoyberdiyev.x@mail.ru

Let Sm−1 = {x = (x1, x2, . . . , xm) ∈ Rm : xi ≥ 0,
m∑
i=1

xi = 1} be the (m − 1)-dimensional simplex. A

map V from Sm−1 into itself is called a quadratic stochastic operator (QSO) if

(V x)k =

m∑
i,j=1

pij,kxixj , k = 1, . . . ,m, (1)

for any x ∈ Sm−1 and pij,k ≥ 0, pij,k = pji,k for all i, j, k,
m∑

k=1

pij,k = 1. (2)

Assume
{
V n

(
x(0)

)}
n≥0

is the trajectory (orbit) of the initial point x(0) ∈ Sm−1, where x(n+1) =

V (x(n)) for all n = 0, 1, 2, . . . We denote by ωV

(
x(0)

)
the set of ω- limiting points of the trajectory{

V n
(
x(0)

)}
n≥0

. One of the main problems in mathematical biology is investigation of the asymptotical
behaviour of the

{
V n

(
x(0)

)}
n≥0

for a given QSO, that is the description of the set ω
(
x(0)

)
for any

x(0) ∈ Sm−1 for a given QSO.
A QSO (1), is called Volterra if pij,k = 0, for any k /∈ {i, j}, i, j, k = 1, . . . ,m. The asymptotic

behaviour of trajectories Volterra QSOs was deeply studied in [1].
We let ei = (δ1i, δ2i, . . . , δmi) ∈ Sm−1, i = 1, . . . ,m, denote the vertices of the simplex Sm−1, where

δij is the Kronecker delta.
Let us consider a non-Volterra QSO defined on the simplex S2 which has the form

V :

{
x′
1 = (1− µ)x2

1 + γx2
3 + (1− β − µ)x1x2 + (1 + γ − µ)x1x3 + γx2x3,

x′
2 = (1− µ)x2

2 + (1 + β − µ)x1x2 + (1− µ)x2x3,
x′
3 = µx2

1 + µx2
2 + (1− γ)x2

3 + 2µx1x2 + (1− γ + µ)x1x3 + (1− γ + µ)x2x3.

(2)

where γ, µ ∈ [0, 1], µ − 1 ≤ β ≤ 1 − µ. We denote a =
(
0, 1− x

(0)
3 , x

(0)
3

)
, b =

(
1− x

(0)
3 , 0, x

(0)
3

)
,

c =
(
1− x

(0)
2 , x

(0)
2 , 0

)
, x =

(
1− x

(0)
3 , 0, x

(0)
3

)
, y =

(
x
(0)
3 , 0, 1− x

(0)
3

)
.

Theorem. For the QSO V the following statements are true:

ωV

(
x(0)

)
=



{
a
}
, if x(0) ∈ S2 \ Fix(V ) and γ = µ = 0, β > 0,{

b
}
, if x(0) ∈ S2 \ Fix(V ) and γ = µ = 0, β < 0,{

c
}
, if x(0) ∈ S2 \ Fix(V ) and β = µ = 0, γ > 0,{

e1
}
, if x(0) ∈ Γ13 and µ = 0, βγ > 0,{

e2
}
, if x(0) ∈ S2 \ Γ13 and µ = 0, βγ > 0,{

e1
}
, if x(0) ∈ S2 \ Fix(V ) and µ = 0, βγ < 0,{

e3
}
, if x(0) ∈ S2 \ Fix(V ) and γ = 0, µ > 0, µ− 1 ≤ β ≤ 1− µ,{

x̃
}
, if x(0) ∈ S2 \ Fix(V ) and β = 0, γµ > 0, 0 < γ + µ < 2,{

x,y
}
, if x(0) ∈ S2 \ Fix(V ) and β = 0, γµ > 0, γ + µ = 2,{

x̃
}
, if x(0) ∈ Γ13 and βγµ > 0, γ(β − µ) > µ2, β > µ,{

ỹ
}

if x(0) ∈ S2 \ Γ13 and βγµ > 0, γ(β − µ) > µ2, β > µ,{
x̃
}
, if x(0) ∈ S2 \ Fix(V ) and βγµ > 0, γ(β − µ) ≤ µ2 or βγµ < 0.
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